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A static and dynamic analysis of the combined and self-consistent influence of spontaneous
polarization, piezoelectric effects, lattice mismatch, and strain effects is presented for a three-layer
one-dimensional AlN/GaN wurtzite quantum-well structure with GaN as the central quantum-well
layer. It is shown that, contrary to the assumption of Fonoberov and Balandin J. Appl. Phys. 94,
7178 2003; J. Vac. Sci. Technol. B 22, 2190 2004, even in cases with no current transport
through the structure, the strain distributions are not well captured by minimization of the strain
energy only and not, as is in principle required, the total free energy including electric and
piezoelectric coupling and spontaneous polarization contributions. Furthermore, we have found that,
when an ac signal is imposed through the structure, resonance frequencies exist where strain
distributions are even more strongly affected by piezoelectric-coupling contributions depending on
the amount of mechanical and electrical losses in the full material system. © 2006 American
Institute of Physics. DOI: 10.1063/1.2214361
I. INTRODUCTION
GaN/AlN quantum-confined wurtzite heterostructure
material combinations are promising candidates for optical
and electronic-device applications. Hence, it is necessary to
understand the complicated coupling phenomena involving
mechanical strain, electrical effects including spontaneous
polarization, piezoelectric effects, and lattice mismatch
present in GaN/AlN wurtzite heterostructures. These cou-
pling phenomena are expected to have important implica-
tions for conduction- and valence-band dispersion relations
and associated eigenstates as well as optoelectronic
properties.1–3 It must be emphasized that the above fields and
eigenstates are found, in principle, by self-consistently solv-
ing the Schrödinger equation, Maxwell-Poisson equation,
and Navier’s equations along with constitutive relations on
stress and electric displacement relevant to the wurtzite crys-
tal structure in consideration.
In this work, we take a first step along these lines by
solving analytically and self-consistently under static and
dynamic conditions the Maxwell-Poisson equation and
Navier’s equations accounting for lattice mismatch effects in
the effective strain tensor4 in the absence of free-carrier
charge distributions. The latter condition allows the electro-
mechanical fields to be determined without solving simulta-
neously the Schrödinger equation with others since elec-
tronic eigenstates, in this case, do not appear in terms in the
Maxwell-Poisson equation. The reasons for the above-
described calculations are threefold. First, some of the most
recent and sophisticated calculations of the electronic states
in wurtzite AlN/GaN quantum dots1,2 have completely ig-
nored the fully coupled model of the piezoelectric effect.
Nevertheless, there are apparently conflicting results regard-
ing the need for a fully coupled model even for quantum-
well structures.3,5 Thus, Jogai et al.5 argued that the internal
electric field can be as high as 5 MV/cm for AlGaN/GaN
and, consequently, the difference between a full coupled
model and a semicoupled model can be as high as 60%. On
the other hand, calculations just published by Christmas
et al.3 found only a 2% error in the internal fields for
InGaN/GaN. We, therefore, reanalyze the quantum-well
problem using an analytical model where we generalize the
above work to include internal fields in both layers. Finally,
we point out that all of the above-referenced works were
performed under static conditions while many applications
e.g., laser diodes would require ac response; hence, we
consider the latter case here. For simplicity, we will refer to
the AlN/GaN material system though we have carried out
equivalent calculations for the AlGaN/GaN and
InGaN/GaN systems and relevant results will be mentioned
below.
II. THEORY
The governing equations for a lattice-mismatched het-
erostructure consisting of two wurtzite materials GaN and
AlN accounting for piezoelectric effects and spontaneous
polarization readaElectronic mail: willatzen@mci.sdu.dk
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T = cS − eE , 1
D = E + Psp + eS , 2
 · T = d
2u
t2
, 3
 · D =  f , 4
where T, S, D, E, Psp, and u= ux ,uy ,uz are the stress ten-
sor, strain tensor, electric displacement, electric field, spon-
taneous polarization, and the particle displacement, respec-
tively. The coefficients c, , e, d, and  f denote the position-
dependent elastic tensor, permittivity tensor, piezoelectric e
tensor, the mass density, and the free-charge carrier density,
respectively. The strain S accounts for lattice mismatch and
is defined by4
S1 =
ux
x
−
ar − a1
a1
, S4 =
1
2 uyz + uzy  ,
S2 =
uy
y
−
ar − a1
a1
, S5 =
1
2 uxz + uzx  ,
S3 =
uz
z
−
cr − c1
c1
, S6 =
1
2 uxy + uyx  , 5
where ar and cr are the lattice constants at position r,
while a1 and c1 denote the lattice constants of AlN a
convenient choice for a GaN quantum-well layer grown
along the 001 direction and sandwiched between two layers
of AlN.
In the following, we examine whether piezoelectric ef-
fects and spontaneous-polarization effects alter the strain dis-
tribution. It was assumed in previous papers by Fonoberov
and Balandin1,2 that the strain distribution is determined by
minimizing the elastic energy only, i.e., not accounting for
feedback coupling from piezoelectric effects and spontane-
ous polarization on strain. In order to simplify the descrip-
tion, we assume that all fields are functions of the growth
direction z only, i.e., we disregard dependencies on the x
and y coordinates. In this way, analytical results can be found
for the cases with a electric displacement constant through
the heterostructure and constant in time, and b electric dis-
placement constant through the structure but harmonic in
time. It should be pointed out that although only z dependen-
cies are included, the important contribution from the static
mechanical Poisson coupling in the lateral directions is ac-
counted for. In the present analysis, surface stresses are ne-
glected. This means that the model is expected to work well
particularly in cases where the AlN layer thicknesses are
considerably larger than the GaN layer such that surface-
stress contributions6 at the AlN interfaces with the embed-
ding material often vacuum are negligible.
A. Constant electric displacement in space and time
In the static case without free-charge carriers in the het-
erostructure, Maxwell’s equation Eq. 4 for the one-
dimensional case leads to a constant electric displacement in
space. Navier’s equations is given by
T3
z
=
T4
z
=
T5
z
= 0, 6
applying in each homogeneous material layer we have
2ux
z2
=
2uy
z2
=
2uz
z2
= 0, 7
in each layer, respectively. Maxwell’s equation requires
2
z2
= 0, 8
in each layer, where  is the electric potential E=−.
For a three-layer structure, as shown in Fig. 1, boundary
conditions at the interface between AlN and the material em-
bedding the three-layer structure are
T4 = T5 = 0, 9
Dz = D , 10
T3 = ZS3, 11
corresponding to positions z=zL and z=zR. In Eq. 11, Z
denotes the effective stiffness of the embedding material and
it has been assumed that shear stresses in the embedding
material are negligible. The boundary conditions at the
AlN/GaN interfaces z=z1 and z=z2 are
T3,T4,T5,,Dz,ux,uy,uz continuous. 12
In addition, the potential and particle displacements are
known to within an arbitrary constant. Hence, we may fix
their values such that
uxz = z1 = uyz = z1 = uzz = z1 = z = zL = 0, 13
and choose the coordinate system corresponding to z1=0. It
is an easy task to solve for the variables involved analyti-
cally. The results are
ux = uy = 0, everywhere, 14
with
FIG. 1. Schematics of the three-layer quantum-well structure considered in
the present work.
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uz = A3 + B3z, zL  z 0,
uz = C3 + D3z, 0 z z2,
uz = E3 + F3z, z2  z zR, 15
for the z-particle displacement, and
 = A4 + B4z, zL  z 0,
 = C4 + D4z, 0 z z2,
 = E4 + F4z, z2  z zR, 16
for the electric potential. The coefficients appearing in the
above expressions read
A3 = 0, B3 =
e33
1D − Psp,1
e33
12 + c33
1
− Z,1 , C3 = 0,
D4 =
c33
2Psp,2 − D + 2c13
2e33
2
− c33
2e31
2amis + e33
2ZB3
c33
2,2 + e33
22 ,
F3 = B3,
D3 =
2c13
2amis + c33
2cmis − e33
2D4 + ZB3
c33
2 ,
E3 = D3 − F3z2,
B4 =
Z − c331
e33
1 B3, A4 = − B4zL, C4 = A4, F4 = B4,
E4 = C4 + D4 − F4z2, 17
where superscripts 1 and 2 on parameters refer to values in
AlN and GaN, respectively. Similarly, e33 and  are the “33”
component, the parallel-permittivity component, and like-
wise for other tensor quantities, while amis= a2−a1 /a1,
cmis= c2−c1 /c1 are the relative lattice-mismatch values.
Observe that when piezoelectric effects are absent, the strain
constant D3=uz /z= 2c132amis+c332cmis /c332, i.e., the strain
coefficient S3 becomes uz /z−cmis=2c13
2 /c33
2amis. In
other words, we obtain the well-known Poisson-ratio effect
for a quantum-well layer of GaN forced to shrink its in-
plane lattice constant to that of the material layer AlN sur-
rounding the quantum well.
We use the same parameters for AlN and GaN as in
Refs. 1 and 2. Since Oe33=1 and Oc33=51011 here,
and in the following, data values are given in Systeme Inter-
national SI units, the influence of piezoelectric effects on
strain distributions is very small for small external fields but
it increases linearly with the electric field. For example, im-
posing a large electric field E of approximately 5108
depends slightly on material as D4B4 results in a piezo-
electrically induced strain contribution equal to
S3 =
e33
2
c33
2E  1 10
−3
, 18
in GaN with stress-free conditions Z=0 at the AlN-
ambedding layer interfaces corresponding to the case where
the embedding layer is vacuum. We will also see below, in
Table I, that this is the same order of magnitude as the strain
due to the internal fields. Compared to the mismatch strain of
2.4%, this is not negligible but certainly not big either. In
Fig. 2 upper plot, we show the induced strain S3=D3
TABLE I. Contributions to the vertical strain in a given layer with GaN as
buffer or substrate for the first three cases, and with AlN as the substrate for
the last one. Parameters are taken from Jogai et al. Ref. 5 and Christmas et
al. Ref. 3.
Suncoupled Scoupled Sspon
AlN/GaN −0.0143 0.0026 0.0026
Al0.3Ga0.7N/GaN −0.0039 0.0004 0.0005
In0.2Ga0.8N/GaN 0.0119 −0.0008 0.0001
GaN/AlN 0.0123 0.0008 −0.0014
FIG. 2. Color online The upper plot shows the strain
component S3 in the static case as a function of electric
displacement D for four different cases of material lay-
ers embedding AlN. The lower plot depicts the corre-
sponding voltage across the heterostructure as a func-
tion of electric displacement D. Line codings are as
follows: Z=0 solid—equivalent to vacuum, Z=1
1010 dashed, Z=51010 dash-dotted, and Z=1
1011 dotted. Figure values are in SI units.
024302-3 Willatzen et al. J. Appl. Phys. 100, 024302 2006
−cmis in the GaN layer due to the imposed electric displace-
ment for D values in the range of 0–0.1 corresponding to
various embedding materials Z=0 solid—equivalent to
vacuum, Z=11010 dashed, Z=51010 dash-dotted,
and Z=11011 dotted. In Fig. 2 lower plot, the voltage
across the full heterostructure is plotted versus the electric
displacement for the same four cases of embedding
materials.
However, the previous calculation Eq. 18 was for a
semicoupled calculation. In a fully coupled model expres-
sions derived in Eq. 17, the internal fields can also influ-
ence the strain distribution via the indirect effect, one not
taken into consideration by Fonoberov et al.1,2 In this case,
our equations reduce to Eq. 15 of Jogai et al.5 and to Eqs.
12 and 13 of Christmas et al.3 in the appropriate limits.
The most transparent form is that of Jogai et al.5 which we
rewrite below as without the two-dimensional 2D electron
gas
S3 = −
2c13
1
c33
1 S1 + 	2e331e331c131 − e131c331c331,1c331 + e3312 
S1
+
e33
1Psp,GaN − Psp,1
,1c33
1 + e33
12 19
Suncoupled + Scoupled + Sspon, 20
where we have labeled the three strain terms according to
their origin and we choose the GaN to be a substrate layer
and layer “1” will be AlN, AlGaN, and InGaN. The relative
magnitude of the three strain contributions are given in Table
I for the three material compositions: AlN/GaN,
Al0.3Ga0.7N/GaN, and In0.2Ga0.8N/GaN. To compare to the
structure we have adopted in this paper, where the GaN is the
active well region, we have also included as the last row in
Table I the situation where AlN is the substrate labeled
GaN/AlN. Table I shows that the relative difference be-
tween an uncoupled and a coupled calculation is of order
18%, 10%, and 7% for AlN, AlGaN, and InGaN, respec-
tively. But we note that the spontaneous polarization contri-
bution adds another 18%, 13%, and 0.8%. This simple analy-
sis, not previously discussed in the literature, explains the
apparent contradiction between the results of Jogai et al.5
and Christmas et al.3 Thus, the extremely large coupling re-
ported by Jogai et al.5 for AlGaN is here seen to be, in fact,
due to combined influence of piezoelectric coupling and
spontaneous polarization terms. For pure AlN, the last two
contributions are of equal magnitude if GaN is the substrate
as is often the case in a quantum-well QW structure or,
again, the spontaneous polarization is larger if AlN is the
substrate since GaN is the well region. For InGaN, the
situation is reversed, whereby the spontaneous polarization
almost does not contribute; hence, the relatively smaller dif-
ference in strain reported by Christmas et al.3 is almost en-
tirely due to the difference between the coupled and un-
coupled models. In conclusion, the relative importance of the
fully coupled model is strongly dependent upon the material
system under investigation.
B. Constant electric displacement in space:
Monofrequency time dependence
We next continue with the case where ac conditions ap-
ply, i.e., a current Jexpit is led through a piezoelectric
film and a three-layer quantum-well structure. Differentiating
in time the expression for S3 in Eq. 5 and combining with
Navier’s equation for Tzz allow us to write for each material
layer,
S3
t
=
vz
z
, 21
d
vz
t
=
Tzz
z
= c33 + e332

 S3
z
 c33
S3
z
, 22
where vz=uz /t is the particle velocity. The latter expres-
sion follows as D is constant in space due to Eq. 4 still
abandoning cases with free-charge carrier-density distribu-
tions. Augmenting vz respectively, S3 from Eqs. 21 and
22 yields
2S3
z2
+ k2S3 = 0, 23
2vz
z2
+ k2vz = 0, 24
with k=d /c33 . The general solution for S3 and vz due to
a current J=J0 expit are omitting the trivial factor
expit in the following
Sz = SA exp− ikz + SB expikz , 25
vzz = vA exp− ikz + vB expikz , 26
Consider first a single piezoelectric layer of thickness l. If the
piezoelectric layer is embedded in vacuum, the boundary
conditions Tzz=0 at z=0 and z= l read
c33 SA + SB −
e33

D = 0, 27
c33 SA exp− ikl + SB expikl −
e33

D = 0. 28
These can be solved immediately so as to give keeping in
mind that for dielectric materials the displacement current
density fulfills J=Dz /t= iDz, implying J0= iD
SB =
J0e33
2c33 
e−ikl − 1
sinkl
, 29
SA =
J0e33
2c33 
1 − eikl
sinkl
. 30
Note that the strain coefficients—for this case with no damp-
ing mechanisms in consideration—are strongly affected by
piezoelectric effects for frequencies nearly satisfying
kl = 2n + 1	 , 31
with n an integer. Hence the resonance frequencies are
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f = 
2	
=
2n + 1
2l
c33
d
. 32
This result is interesting as it shows that under ac conditions,
it is clearly not possible first to determine the strain distribu-
tions by minimizing strain energy only as is done in Refs. 1
and 2 and then calculate—without feedback—the electric
fields. We point out here again that the work presented in
Refs. 1 and 2 apply well for the case considered in Refs. 1
and 2, namely, corresponding to zero-electric displacement
boundary conditions or absence of external electric fields.
We also examine the ac problem for the same three-layer
quantum-well structure considered in the first part of this
section GaN layer sandwiched between two layers of AlN.
Imposing continuity of stress and particle velocity at z=z1
=0 and z=z2 together with vanishing stress at boundaries
facing vacuum z=zL and z=zR leads to
0 = c33 1SA1 + SB1 −
e33
1
,1
D ,
c33
2SA2 + SB2 −
e33
2
,2
D = c33
1SA1 exp− ik1l1
+ SB1 expik1l1 −
e33
1
,1
D ,
c33 2
d
2 SA2 − SB2 =c33 1d1 SA1 exp− ik1l1
− SB1 expik1l1 ,
c33
1SA3 + SB3 −
e33
1
,1
D = c33
2SA2 exp− ik2l2
+ SB2 expik2l2 −
e33
2
,2
D ,
c33 1
d
1 SA3 − SB3 =c33 2d2 SA2 exp− ik2l2
− SB2 expik2l2 ,
0 = c33 1SA3 exp− ik3l3 + SB3 expik3l3 −
e33
1
,1
D . 33
In the expressions above, suffix 1 2 for material parameter
values refers to AlN GaN material layers, while l1, l2, and
l3 are the lengths of the first AlN, second GaN, and third AlN
layers, respectively. For a given current amplitude J0, the
electric displacement D equals J0 / i, and the strain coef-
ficients SAi and SBi for each layer i are determined by solving
the system of algebraic equations given in Eq. 33. A similar
analysis can be carried out for the case where the three-layer
structure is embedded in another material.
In Fig. 3, we give the first three resonance frequencies
where the absolute value of the determinant for the coeffi-
cient matrix multiplying the strain coefficients SAi and SBi
vanishes for the three-layer structure with AlN layer lengths
l1= l3=110−7, while the GaN layer length l2 varies in the
range of 2.510−9–3010−9. We use values for the mass
density of AlN d
1
=3260 and GaN d
2
=6150 as in Refs.
7 and 8, respectively. The precise values of the strain coeffi-
cients SAi and SBi for a given current near resonances are
albeit large not infinite due to acoustic and dielectric losses
present in the system.
III. CONCLUSIONS
A one-dimensional model accounting for the combined
and self-consistent influence of strain and electric fields in-
cluding contributions from spontaneous polarization, piezo-
electric effects, and lattice mismatch was derived. A three-
layer AlN/GaN quantum-well structure was solved
analytically for the electromechanical-field distributions. It
FIG. 3. Color online Resonance frequencies of a
three-layer quantum-well system corresponding to one
layer of GaN sandwiched between two layers of AlN.
The figure shows the first three resonance frequencies
solid, dashed, and dashdotted curves, respectively as a
function of the GaN material-layer lengths. The two
AlN layers have the same length equal to 110−8 in-
dependent of the GaN material-layer length. Figure val-
ues are in SI units.
024302-5 Willatzen et al. J. Appl. Phys. 100, 024302 2006
was shown, in the absence of current through the structure,
that strain distributions depends strongly on both the sponta-
neous polarization and piezoelectric effects. Furthermore, in
cases with ac conditions, resonance frequencies also exist
where piezoelectric coupling contributions lead to large
strain contributions.
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